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The Vlasov formalism for extended relativistic mean field models: the crust-core
transition and the stellar matter equation of state
Helena Pais and Constanc¸a Provideˆncia
CFisUC, Department of Physics, University of Coimbra, 3004-516 Coimbra, Portugal
The Vlasov formalism is extended to relativistic mean-field hadron models with non-linear terms
up to fourth order and applied to the calculation of the crust-core transition density. The effect of
the nonlinear ωρ and σρ coupling terms on the crust-core transition density and pressure, and on
the macroscopic properties of some families of hadronic stars is investigated. For that purpose, six
families of relativistic mean field models are considered. Within each family, the members differ in
the symmetry energy behavior. For all the models, the dynamical spinodals are calculated, and the
crust-core transition density and pressure, and the neutron star mass-radius relations are obtained.
The effect on the star radius of the inclusion of a pasta calculation in the inner crust is discussed.
The set of six models that best satisfy terrestrial and observational constraints predicts a radius of
13.6±0.3 km and a crust thickness of 1.36 ± 0.06km for a 1.4 M⊙ star.
PACS numbers: 21.60.Ev,24.10.Jv,26.60.Gj
I. INTRODUCTION
The dynamical response of nuclear matter in the colli-
sionless, low energy regime is adequately described within
the Vlasov equation, a semi-classical approach that takes
into account the correct particle statistics. It is a good
approximation to the time-dependent Hartree-Fock equa-
tion at low energies [1], and was used to study heavy-
ion collisions at low-intermediate energies [2–5]. In Refs.
[6, 7], the collective modes in cold and hot nuclear mat-
ter described with the Walecka model were successfully
calculated within this formalism. An extension of the for-
malism was carried out including non-linear meson terms
in the Lagrangian density [8–11] or density-dependent
meson couplings [12]. It has also been shown to be a good
tool to estimate the crust-core transition in cold neutrino-
free neutron stars [13, 14]. Similar calculations based on
the Skyrme interaction had been developed previously
[15]. In Refs. [13, 14], different calculations of the transi-
tion density at several temperatures and isospin asymme-
tries were compared, and it was found that the dynamical
spinodal method predicts a lower limit for the crust-core
density, and, that the larger the isospin asymmetry, the
closer this value is to the Thomas Fermi estimate. For
β-equilibrium matter, i.e., neutron star matter, both re-
sults are very similar.
Unified equations of state (EoS), that is, EoS that de-
scribe the neutron star, from its outer crust to the inner
core within the same nuclear model, are generally not
available. Consequently, the complete EoS is frequently
built out of three different pieces, one for the outer crust,
another for the inner crust, and one for the core, ob-
tained from different models. Recently, it was shown in
[16], that although star properties such as mass and ra-
dius do not depend on the outer crust EoS, the choice of
the inner crust EoS and the matching of the inner crust
EoS to the core EoS may be critical, and variations larger
than 0.5 km have been obtained for the radius of a 1.4
M⊙ star.
For the outer crust, three EoS are used in the lit-
erature: the Baym-Pethick-Sutherland (BPS) EoS [17],
the Haensel and Pichon (HP) EoS [18], or the Ru¨ster et
al (RHS) EoS [19]. Essentially, the differences existing
among them do not affect the mass-radius curves. This
is not anymore true for matter above the neutron drip
line. The inner crust of neutron stars may contain ex-
otic geometrical structures termed nuclear pasta [20] at
its upper boarder, just before the crust-core transition.
Several methods have been used to compute these pasta
phases: quantum [21], semiclassical [22, 23] or classical
[24] Molecular Dynamics calculations, 3D Hartree-Fock
calculations [25, 26] and Thomas-Fermi (TF) calculations
[13, 14, 27–29]. The authors of [30] attribute to the ex-
istence of pasta phases a high impurity parameter cor-
responding to a large resistivity that causes a very fast
magnetic field decay and explains the absence of isolated
pulsars with periods above 12 s. In the present study, the
complete stellar matter EoS will be constructed by taking
(1) a standard EoS for the outer crust, such as BPS, HP
or RHS, (2) an adequate inner crust EoS that matches
the outer crust EoS at the neutron drip, and the core
EoS at the crust-core transition, and (3) the core EoS.
After having the complete EoS, star properties such as
the mass and radius are determined from the integration
of the TOV equations [31, 32].
Laboratory measurements and first principle calcula-
tions put limits on the EoS that describe neutron stars.
An example are the microscopic calculations based on nu-
clear interactions derived from chiral effective field the-
ory [33], or on realistic two- and three-nucleon inter-
actions, using quantum Monte Carlo (MC) techniques
[34]. However, in these approaches there is a reason-
able uncertainty associated with the three-body force,
meaning that small differences between RMF models and
MC results should not be enough to discard those mod-
els. Other constraints come from terrestrial experiments,
like collective flow data in heavy-ion collisions [35] and
the KaoS experiment [36], or the measurement of sat-
uration density properties and properties of nuclei such
2as the binding energy and rms radii [37]. Observational
constraints also play a fundamental role. In 2010 and
2013, two very massive pulsars, PSR J1614-2230 [38]
and PSR J0348+0432 [39], respectively, both close to
M ∼ 2M⊙, were observed. An updated determination
of the PSR J1614-2230 mass has reduced this value to
1.928±0.017M⊙ [40]. Radii are still not sufficiently con-
strained, but ESA missions such as the Advanced Tele-
scope for High-energy Astrophysics (Athena+) [41] and
the Theia space mission will allow, amongst other things,
to better constraint the M/R relation of neutron stars.
Appropriate nuclear models should satisfy both kinds
of constraints, observational and terrestrial. The NL3
[42] parametrization has been fitted to ground-state
properties of both stable and unstable nuclei. It is able
to predict 2M⊙, but has a too large symmetry energy
slope, and is too hard at high densities. Other nucleonic
EOS that satisfy the 2M⊙ constraint have been discussed
in the literature, see for instance [43–45]. However, some
nucleonic models agree well with the phenomenology at
low and intermediate densities, but fail to produce 2 M⊙
stars because they predict a too soft EoS. Introducing
adequate new non-linear terms in the Lagrangian den-
sity will change the density dependence of the EoS, so as
to correct its behavior either by inducing a softening [46–
48] or hardening [49, 50] of the EoS. Experimental results
at intermediate densities are essential to constrain these
terms.
The transition pressure plays a very important role in
the determination of the fraction of the star moment of
inertia contained in the crust [51]. The description of
glitches considers that the inner crust is a reservoir of
angular momentum, and, in Ref. [51], the authors have
estimated that the observed glitches of Vela would be ex-
plained if 1.4% of the total momentum of inertia of the
star resides in the crust. More recently, it was shown
that crustal entrainement requires, in fact, a larger an-
gular momentum reservoir in the crust [52], associated
to a fraction of the total momentum of inertia larger
than the one the crust may contain. Possible solutions
to solve this problem include the contribution of the core
to the glitch mechanism [53], or the choice of an appro-
priate EoS that predicts a sufficiently large pressure at
the crust-core transition [54].
We will analyse the effect of the σρ and ωρ cou-
plings on the crust-core transition density and pressure
at zero temperature, starting from three different rela-
tivistic mean-field (RMF) models, TM1 [48], NL3 [42]
and Z271 [46, 47]. These three models will be designated
head of the families of the models that we are going to
construct, by adding the terms σρ or ωρ with different
coupling strengths. Thus, in the following work, we are
going to consider six different RMF families. While NL3
and TM1 have been fitted to the ground state proper-
ties of several nuclei, the symmetry energy slope these
models predict at saturation density is too high. Z271
with the NL3 saturation properties has a softer EoS at
large densities due to the inclusion of a fourth order term
in ω. The first two predict neutron stars with masses
above the constraints set by the pulsars J1614-2230 and
J0348+0432, while the third fails to satisfy these con-
straints. However, in Ref. [55], it has been shown that
Z271ωρ5 and Z271ωρ6 were two of the few models that
passed a set of 11 terrestrial constraints. We will con-
sider several strengths of the couplings of the σρ and
ωρ terms in order to generate a set of models that span
the values of the symmetry energy and its slope at sat-
uration as obtained in different experiments [37]. It will
be possible to identify existing correlations between the
slope L and the density and pressure transitions in a sys-
tematic way, since in each family the isoscalar properties
are kept fixed and only the isovector properties change.
We will then select, among the 6 families, the models
that satisfy a set of well accepted saturation properties
and constraints from microscopic calculations, and still
produce a star with mass larger than 2M⊙. Since the
Z271 family does not satisfy the last constraint, we will
implement the mechanism proposed in [50], adding an
extra non-linear σ function that hardens the EoS above
saturation.
One of the objectives of the work is to distinguish the
effect of the terms of the form ωρ and σρ when modifying
the density dependence of the symmetry energy. We will
consider terms of the form f2i ρ
2, with fi = ω or σ, as in
Refs. [46, 47], which will affect the neutron skin thickness
of nuclei but do not change some well established proper-
ties of nuclei, such as the binding energy and the charge
radius. In [56], where a non-linear σρ term of the form
σρ2 was used, and a refitting of other parameters kept
the binding energy and the charge radius unchanged, a
non linear behavior of the transition density with L was
obtained, in contrast to previous studies [57, 58]. We will
also pay a special attention to the effect of these terms
on the pressure at the crust-core transition, since this is
a quantity that directly shows whether the glitch mech-
anism could be attributed solely to the crust.
In order to calculate the crust core transition proper-
ties, we extend the Vlasov formalism previously used to
include all non-linear self-interaction and mixing terms
involving the σ, ω and ρ mesons up to fourth order. Tak-
ing the six families of models described above we will
determine the crust-core transition density and pressure
and will discuss possible implications of the different den-
sity dependence of the symmetry energy on the properties
of neutron stars, especially the effects on the star radius.
In Section II, we present the formalism and derive the
dispersion relation within the Vlasov method for the cal-
culation of the dynamical spinodal with the non-linear σ,
ω, and ρ mesons coupling terms. In Section III, the for-
malism is applied to the determination of the crust-core
transition, and the construction of a consistent stellar
matter EoS, and, finally, in Sec. IV, a few conclusions
are drawn.
3II. FORMALISM
We use the relativistic non-linear Walecka model
(NLWM) in the mean-field approximation, within the
Vlasov formalism to study nuclear collective modes of
asymmetric nuclear matter and npe matter at zero tem-
perature [6, 7]. We will first review the Lagrangian den-
sity of the extended RMF model with all meson terms
up to quartic order [59, 60], and we will next present the
Vlasov formalism to study the collective model of nuclear
matter.
A. Extended RMF Lagrangian
We consider a system of baryons, with mass M , inter-
acting with and through an isoscalar-scalar field φ, with
massms, an isoscalar-vector field V
µ, with massmv, and
an isovector-vector field bµ, with mass mρ. When de-
scribing npe matter, we also include a system of electrons
with mass me. Protons and electrons interact through
the electromagnetic field Aµ. The Lagrangian density
reads:
L =
∑
i=p,n
Li + Le + Lσ + Lω + Lρ + Lσωρ + LA
where the nucleon Lagrangian reads
Li = ψ¯i [γµiD
µ −M∗]ψi ,
with
iDµ = i∂µ − gvV
µ −
gρ
2
τ · bµ − eAµ
1 + τ3
2
,
M∗ =M − gsφ ,
and the electron Lagrangian is given by
Le = ψ¯e [γµ (i∂
µ + eAµ)−me]ψe.
The isoscalar part is associated with the scalar sigma
(σ) field φ, and the vector omega (ω) field Vµ, whereas
the isospin dependence comes from the isovector-vector
rho (ρ) field biµ (where µ stands for the four dimensional
space-time indices and i the three-dimensional isospin
direction index). The associated Lagrangians are:
Lσ = +
1
2
(
∂µφ∂
µφ−m2sφ
2 −
1
3
κφ3 −
1
12
λφ4
)
,
Lω = −
1
4
ΩµνΩ
µν +
1
2
m2vVµV
µ +
1
4!
ξg4v(VµV
µ)2,
Lρ = −
1
4
Bµν ·B
µν +
1
2
m2ρbµ · b
µ,
LA = −
1
4
FµνF
µν , (1)
where Ωµν = ∂µVν − ∂νVµ, Bµν = ∂µbν − ∂νbµ −
gρ(bµ × bν) and Fµν = ∂µAν − ∂νAµ. We supplement
the meson Lagrangian with all the non-linear terms that
mix the σ, ω, and ρ mesons up to quartic order [59–62],
Lσωρ = Λ3σgsg
2
vφVµV
µ + Λ2σg
2
sg
2
vφ
2VµV
µ
+ Λ1σgsg
2
ρφbµ · b
µ + Λσg
2
sg
2
ρφ
2bµ · b
µ
+ Λωg
2
vg
2
ρbµ · b
µ VµV
µ. (2)
An adequate choice of the parameters of the model will
allow to build parametrizations compatible with both
laboratory measurements and astrophysical observations
[61, 62]. The model comprises the following parameters:
three coupling constants, gs, gv, and gρ, of the mesons
to the nucleons, the bare nucleon mass, M , the electron
mass, me, the masses of the mesons, the electromagnetic
coupling constant, e =
√
4π/137, the self-interacting
coupling constants, κ, λ, and ξ, and the mixing self-
interacting coupling constants, Λω,Λσ,Λiσ, i = 1, 2, 3. In
this Lagrangian density, τ are the Pauli matrices.
B. The Vlasov formalism
In the sequel we use the formalism developed in Refs.
[6, 7], where the collective modes in cold nuclear matter
were determined within the Vlasov formalism, based on
the Walecka model [63]. In the present section, we extend
the Vlasov formalism and include all meson terms up
to quartic order. We will use, whenever possible, the
notation introduced in [6, 7].
The time evolution of the distribution functions, fi, is
described by the Vlasov equation
∂fi
∂t
+ {fi, hi} = 0, i = p, n, e, (3)
where {, } denotes the Poisson brackets. The Vlasov
equation expresses the conservation of the number of par-
ticles in phase space, and is, therefore, covariant.
The state that minimizes the energy of asymmetric
nuclear matter is characterized by the Fermi momenta
PFi, i = p, n, PFe = PFp, and is described by the equi-
librium distribution function at zero temperature
f0(r,p) = diag[Θ(P
2
Fp − p
2),Θ(P 2Fn − p
2),Θ(P 2Fe − p
2)]
(4)
and by the constant mesonic fields, that obey the follow-
ing equations
4TABLE I. Symmetric nuclear matter properties at saturation density, ρ0, for the σρ models. For TM1, the binding energy per
nucleon, E/A, is -16.26 MeV, the incompressibility coefficient, K, is 280 MeV, and the nuclear saturation density is 0.145 fm−3.
For NL3 and Z271, these values are, respectively, -16.24 MeV, 270/269 MeV, and 0.148 fm−3. ρt and Pt are the crust-core
transition density and pressure, respectively, for β−equilibrium pne matter, at T = 0 MeV. PN is the pressure for neutron
matter at ρ = ρ0. The values of the total binding energy per particle (B/A), charge radii (rc), neutron radii (rn) and ∆rnp,
for 208Pb, are also shown.
Model Λσ Esym L Ksym Kτ ρt Pt PN B/A rc rn ∆rnp
(MeV) (MeV) (MeV) (MeV) (fm−3) (MeV/fm3) (MeV/fm3) (MeV) (fm) (fm) (fm)
NL3 0 37.34 118 101 -696 0.055 0.258 5.978 -7.878 5.518 5.740 0.280
σρ1 0.004 35.85 99 4 -666 0.058 0.303 5.108 -7.891 5.519 5.723 0.262
σρ2 0.0072 34.88 88 -29 -620 0.063 0.365 4.546 -7.897 5.521 5.711 0.249
σρ3 0.011 33.85 76 -38 -553 0.069 0.408 4.004 -7.903 5.523 5.698 0.233
σρ4 0.0145 33 68 -28 -487 0.074 0.468 3.60 -7.908 5.526 5.686 0.218
σρ5 0.018 32.25 61 -6 -421 0.078 0.454 3.282 -7.911 5.530 5.675 0.203
σρ6 0.022 31.47 55 24 -348 0.081 0.382 2.991 -7.913 5.535 5.662 0.185
TM1 0 36.84 111 34 -517 0.060 0.328 5.479 -7.877 5.541 5.753 0.270
σρ1 0.004 34.99 94 -29 -499 0.064 0.360 4.724 -7.905 5.544 5.737 0.251
σρ2 0.0073 34.22 85 -56 -478 0.068 0.407 4.268 -7.910 5.545 5.727 0.239
σρ3 0.011 33.42 76 -67 -443 0.072 0.447 3.829 -7.915 5.548 5.716 0.226
σρ4 0.0146 32.72 68 -64 -403 0.076 0.458 3.469 -7.918 5.551 5.706 0.213
σρ5 0.019 31.93 60 -50 -350 0.079 0.427 3.104 -7.922 5.555 5.694 0.197
σρ6 0.022 31.43 56 -35 -313 0.080 0.379 2.896 -7.923 5.558 5.686 0.186
Z271 0 35.81 99 -16 -340 0.068 0.405 4.952 -7.777 5.519 5.702 0.241
σρ1 0.01 34.87 87 -65 -350 0.072 0.448 4.370 -7.784 5.521 5.691 0.229
σρ2 0.02 34.00 77 -92 -344 0.076 0.474 3.850 -7.791 5.522 5.680 0.216
σρ3 0.03 33.21 68 -104 -327 0.079 0.477 3.399 -7.797 5.524 5.670 0.203
σρ4 0.04 32.47 60 -106 -304 0.081 0.451 3.015 -7.802 5.527 5.659 0.191
σρ5 0.05 31.79 53 -100 -276 0.083 0.398 2.691 -7.806 5.530 5.649 0.177
σρ6 0.06 31.15 48 -88 -245 0.085 0.323 2.418 -7.810 5.533 5.639 0.164
m2sφ0 +
κ
2
φ20 +
λ
6
φ30 − 2Λσg
2
σg
2
ρφ0b
(0)2
0 − Λ1σgσg
2
ρb
(0)2
0 − 2Λ2σg
2
σg
2
vφ0V
(0)2
0 − Λ3σgσg
2
vV
(0)2
0 = gsρ
(0)
s ,
m2v V
(0)
0 +
1
6
ξg4vV
(0) 3
0 + 2Λωg
2
vg
2
ρV
(0)
0 b
(0) 2
0 + 2Λ2σg
2
vg
2
σV
(0)
0 φ
2
0 + 2Λ3σg
2
vgσV
(0)
0 φ0 = gvj
(0)
0 ,
m2ρ b
(0)
0 + 2Λωg
2
ρg
2
vV
(0) 2
0 b
(0)
0 + 2Λσg
2
ρg
2
σφ
2
0b
(0)
0 + 2Λ1σg
2
ρgσφ0b
(0)
0 =
gρ
2
j
(0)
3,0 ,
V
(0)
i = b
(0)
i = A
(0)
0 = A
(0)
i = 0, (5)
where ρ
(0)
s , j
(0)
0 , j
(0)
3,0 are, respectively, the equilibrium
scalar density, the nuclear density, and the isospin den-
sity.
Collective modes correspond to small oscillations
around the equilibrium state. The linearized equations
of motion describe these small oscillations and the col-
lective modes are the solutions of those equations. To
construct them, let us define:
fi = f
(0)
0i + δfi,
φ = φ0 + δφ,
V0 = V
(0)
0 + δV0, Vi = δVi,
b0 = b
(0)
0 + δb0, bi = δbi,
A0 = δA0, Ai = δAi.
As in [6–8, 64], we express the fluctuations of the dis-
tribution functions in terms of the generating functions:
S(r,p, t) = diag (Sp, Sn, Se) ,
5TABLE II. The same as in Table I for the ωρ models.
Model Λω Esym L Ksym Kτ ρt Pt PN B/A rc rn ∆rnp
(MeV) (MeV) (MeV) (MeV) (fm−3) (MeV/fm3) (MeV/fm3) (MeV) (fm) (fm) (fm)
NL3 0 37.34 118 100 -696 0.055 0.258 5.978 -7.878 5.518 5.740 0.280
ωρ1 0.005 36.01 101 1 -680 0.057 0.291 5.146 -7.891 5.518 5.725 0.265
ωρ2 0.01 34.94 88 -46 -636 0.062 0.355 4.511 -7.899 5.519 5.712 0.251
ωρ3 0.015 33.98 77 -60 -578 0.068 0.437 3.998 -7.906 5.521 5.700 0.237
ωρ4 0.02 33.12 68 -53 -512 0.074 0.503 3.573 -7.912 5.524 5.688 0.223
ωρ5 0.025 32.36 61 -34 -445 0.080 0.533 3.213 -7.917 5.526 5.677 0.209
ωρ6 0.03 31.66 55 -8 -380 0.084 0.516 2.906 -7.921 5.530 5.667 0.195
TM1 0 36.84 111 33 -517 0.060 0.328 5.479 -7.877 5.541 5.753 0.270
ωρ1 0.005 35.12 95 -34 -511 0.063 0.350 4.760 -7.886 5.542 5.741 0.257
ωρ2 0.01 34.29 85 -73 -496 0.066 0.397 4.265 -7.872 5.542 5.733 0.249
ωρ3 0.015 33.54 76 -91 -468 0.071 0.455 3.845 -7.857 5.543 5.724 0.239
ωρ4 0.02 32.84 68 -94 -432 0.075 0.495 3.484 -7.828 5.545 5.715 0.228
ωρ5 0.025 32.20 61 -86 -392 0.079 0.510 3.167 - 7.817 5.548 5.703 0.213
ωρ6 0.03 31.61 56 -72 -350 0.082 0.497 2.885 -7.791 5.552 5.689 0.195
Z271 0 35.81 99 -16 -340 0.068 0.405 4.952 -7.777 5.519 5.702 0.241
ωρ1 0.01 35.25 91 -66 -364 0.071 0.436 4.574 -7.783 5.519 5.696 0.234
ωρ2 0.02 34.72 83 -104 -379 0.072 0.454 4.245 -7.788 5.519 5.689 0.228
ωρ3 0.025 34.46 80 -120 -383 0.073 0.473 4.095 -7.791 5.520 5.686 0.225
ωρ4 0.03 34.21 77 -133 -386 0.074 0.483 3.953 -7.793 5.520 5.683 0.222
ωρ5 0.035 33.97 74 -145 -388 0.075 0.498 3.818 -7.796 5.520 5.680 0.218
ωρ6 0.04 33.73 71 -154 -387 0.076 0.509 3.690 -7.798 5.520 5.677 0.215
ωρ7 0.05 33.27 65 -168 -383 0.079 0.533 3.451 -7.803 5.520 5.671 0.209
ωρ8 0.06 32.83 60 -178 -376 0.081 0.552 3.230 -7.807 5.521 5.665 0.203
such that
δfi = {Si, f0i} = −{Si, p
2}δ(P 2Fi − p
2).
The linearized Vlasov equations for δfi,
dδfi
dt
+ {δfi, h0i}+ {f0i, δhi} = 0
are equivalent to the following time-evolution equations:
∂Si
∂t
+ {Si, h0i} = δhi = −gs
M∗
ǫ0
δφ−
p · δV i
ǫ0
+ δV0i,
i = p, n (6)
∂Se
∂t
+ {Se, h0e} = δhe = −e
[
δA0 −
p · δA
ǫ0e
]
, (7)
where
δV0i = gvδV0 + τi
gρ
2
δb0 + e
1 + τi
2
δA0,
δV i = gvδV + τi
gρ
2
δb+ e
1 + τi
2
δA
h0i = ǫ0 + V
(0)
0i =
√
p2 +M∗2 + V
(0)
0i
h0e = ǫ0e =
√
p2 +m2e.
which has only to be satisfied for p = PFi.
The longitudinal modes, with wave vector k and fre-
quency ω, are described by the ansatz

Sj(r,p, t)
δφ
δζ0
δζi

 =


Sjω(cosθ)
δφω
δζ0ω
δζiω

 ei(ωt−k·r) , (8)
where j = p, n, e, ζ = V, b, A represent the vector-meson
fields, and θ is the angle between p and k. The wave
vector of the excitation mode, k, is identified with the
momentum transferred to the system, that gives rise to
the excitation.
For the longitudinal modes, we get δV xω = δV
y
ω = 0 ,
δbxω = δb
y
ω = 0 and δA
x
ω = δA
y
ω = 0 . Calling δV
z
ω =
δVω, δb
z
ω = δbω and δA
z
ω = δAω , we will have for the
fields δVi,z = δV
i
ωe
i(ωt−k·r) and δV0i = δV
0i
ω e
i(ωt−k·r).
Replacing the ansatz (8) in Eqs. (6) and (7), we get
6i (ω − ω0ix)S
i
ω = −gs
M∗
ǫFi
δφω − VFixδV
i
ω (9)
i (ω − ω0ex)S
e
ω = −eδA
0
ω + eVFexδAω , (10)(
ω2 − k2 −m2s,eff
)
δφω = −χ1δb
0
ω − χ2δV
0
ω −
2igsM
∗
(2π2)
∑
i=p,n
PFiω0i
∫ 1
−1
xSiω(x)dx (11)
(
ω2 − k2 −m2v,eff
)
δV 0ω = χvδb
0
ω + χ2δφω −
2igv
(2π2)
∑
i=p,n
ω0iPFiǫFi
∫ 1
−1
xSiω(x)dx, (12)
(
ω2 − k2 −m2ρ,eff
)
δb0ω = χvδV
0
ω + χ1δφω −
igρ
(2π2)
∑
i=p,n
τiω0iPFiǫFi
∫ 1
−1
xSiω(x)dx, (13)
(
ω2 − k2
)
δA0ω = −
2ei
(2π2)
∑
i=p,e
ω0iPFiǫFi
∫ 1
−1
x(Spω(x) − S
e
ω(x))dx, (14)
with x = cos θ, i = p, n, ω0j = kVFj = kPFj/ǫFj, j = p, n, e, χv = 4Λωg
2
vg
2
ρV
(0)
0 b
(0)
0 , χ1 = 4Λσg
2
σg
2
ρφ0b
(0)
0 +
2Λ1σgσg
2
ρb
(0)
0 , χ2 = 4Λ2σg
2
σg
2
vφ0V
(0)
0 +2Λ3σgσg
2
vV
(0)
0 , and
m2s,eff = m
2
s + κφ0 + λ/2φ
2
0 − 2Λσg
2
σg
2
ρb
(0)2
0 − 2Λ2σg
2
σg
2
vV
(0)2
0 + g
2
s
dρ0s
dM∗
m2v,eff = m
2
v +
1
2
g4vξV
(0)2
0 + 2Λωg
2
vg
2
ρb
(0)2
0 + 2Λ2σg
2
σg
2
vφ
2
0 + 2Λ3σgσg
2
vφ0
m2ρ,eff = m
2
ρ + 2Λωg
2
ρg
2
vV
(0)2
0 + 2Λσg
2
σg
2
ρφ
2
0 + 2Λ1σgσg
2
ρφ0 (15)
and from the continuity equation for the density currents,
we get for the components of the vector fields
kδVω = ω
Bv
Bv1
δV 0ω −
ω
Bv1
(
χvδb
0
ω + χ2δφω
)
, (16)
kδbω = ωδb
0
ω −
ω
Bρ
(
χvδV
0
ω + χ1δφω
)
, (17)
kδAω = ωδA
0
ω . (18)
with Bv = ω
2 − k2 −m2v,eff , Bv1 = ω
2 − k2 −m2v,eff,1,
Bρ = ω
2−k2−m2ρ,eff , and m
2
v,eff,1 = m
2
v+
1
6g
4
vξV
(0)2
0 +
2Λωg
2
vg
2
ρb
(0)2
0 + 2Λ2σg
2
σg
2
vφ
2
0 + 2Λ3σgσg
2
vφ0.
The solutions of Eqs. (9)-(14) form a complete set
of eigenmodes that may be used to construct a general
solution for an arbitrary longitudinal perturbation. Sub-
stituting the set of equations (11)-(14) into (9) and (10),
we get a set of equations for the unknowns Siω, which
lead to the following matrix equation


1 + F ppLp F
pnLp C
pe
A Lp
FnpLn 1 + F
nnLn 0
CepA Le 0 1− C
ee
A Le




Aωp
Aωn
Aωe

 = 0.
(19)
with Aωi =
∫ 1
−1
xSωi(x)dx, Li = L(si) = 2 − si ln((si +
1)/(si − 1)), where si = ω/ω0i, and F
ij = Cijs − C
ij
v −
Cijρ − C
ij
A δipδij , and
CijA = −
e2
2π2
1
k2
P j2F
V iF
The coefficients Cijs , C
ij
v and C
ij
ρ are given by:
Cijs =
(
1−
ω2
k2
(
gvχ2
Bv1
+
gρτiχ1
2Bρ
))
gσM
∗
2π2PFi
(
fσσ gσM
∗PFjVFj + f
σ
b
gρ
2
τjP
2
Fj
+ fσωgvP
2
Fj
)
(20)
Cijv =
(
1−
ω2
k2
(
Bv
Bv1
−
gρτiχv
2gvBρ
))
gv
2π2VFi
(
fωσ gσM
∗PFjVFj + f
ω
b
gρ
2
τjP
2
Fj
+ fωω gvP
2
Fj
)
(21)
Cijρ =
(
1−
ω2
k2
(
1−
2gvχv
gρτiBv1
))
gρτi
4π2VFi
(
f bσgσM
∗PFjVFj + f
b
b
gρ
2
τjP
2
Fj
+ f bωgvP
2
Fj
)
(22)
7The coefficients f ji read:
fσσ =
1
S
, fσb = −f
σ
σ
(
χ1χ
2
v
BρDv
+
χ1
Bρ
+
χ2χv
Dv
)
, fσω = −f
σ
σ
(
χ2χ
2
v
BvDv
+
χ2
Bv
+
χ1χv
Dv
)
(23)
fωσ = f
σ
σ
Bρ
Dv
(
χ1χv
Bρ
+ χ2
)
, fωb = Sf
ω
σ f
σ
b +
χv
Dv
, fωω = Sf
ω
σ f
σ
ω +
Bρ
Dv
(24)
f bσ = f
σ
σ
Bv
Dv
(
χ2χv
Bv
+ χ1
)
, f bb = Sf
b
σf
σ
b +
Bv
Dv
, f bω = Sf
b
σf
σ
ω +
χv
Dv
(25)
with Dv = BvBρ − χ
2
v, S = Bσ +
χ2
1
Bρ
+
χ2
2
Bv
+
χ2
1
χ2v
DvBρ
+
χ2
2
χ2v
DvBv
+ 2χ1χ2χv
Dv
, and Bσ = ω
2 − k2 −m2s,eff .
From Eq. (19), we get the following dispersion relation:
(1− CeeA Le)[(1 + F
ppLp + F
nnLn
+ (F ppFnn − F pnFnp)LpLn]
− CepA C
pe
A LpLe(1 + F
nnLn) = 0 (26)
The density fluctuations are given by
δρi =
3
2
k
PFi
ρ0iAωi.
At subsaturation densities, there are unstable modes
identified by the sign of the imaginary frequencies. For
these modes, the growth rate is given by Γ = −iω. The
dynamical spinodal surface is defined by the region in
(ρp, ρn) space, for a given wave vector k and temperature
T , limited by the surface ω = 0. In the k = 0 MeV limit,
the thermodynamic spinodal is obtained, defined by the
surface in the (ρp, ρn, T ) space for which the curvature
matrix of the free energy density is zero, i.e., it has a
zero eigenvalue. This relation has been discussed in more
detail in Ref. [65].
III. RESULTS
In the present section, we discuss the effect of the
two mixing terms ωρ and σρ on the crust-core transition
properties and the importance of using an unified inner
crust-core EoS in the determination of the star radius.
Starting from the RMF models NL3 [42], TM1 [66], and
Z271 [46], we build six families of models, each one having
the same isoscalar properties, but varying the isovector
properties through the mixed non-linear terms ωρ and
σρ, subsection IIIA. The properties of the models will
be compared with present terrestrial and observational
constraints and for each family the model(s) that satisfy
these constraints will be identified. Next, we calculate
the crust-core transition density and pressure for all the
models, applying the Vlasov formalism, subsection III B.
Taking the two NL3 families, we discuss the matching
of the crust to the core to get the stellar matter EoS in
subsection III C. For the inner crust, several possibilities
will be considered. Finally, we will apply the conclusions
of subsection III C to construct the stellar matter EoS for
the TM1 and Z271 families in section III D, and we pro-
pose a set of procedures to build the stellar matter EoS
from the knowledge of the crust-core density transition
and the core EoS.
A. Equation of state
From all the terms presented in Eq. (2), we will restrict
our discussion to a set of models that have only one of
the following two non-linear coupling terms:
Lωρ = Λωg
2
vg
2
ρ VµV
µ bµ · b
µ (27)
Lσρ = Λσg
2
σg
2
ρφ
2 bµ · b
µ (28)
to allow the modification of the density-dependence of
the symmetry energy, by changing the ρ−meson effective
mass [47], and discuss the star properties for different
density dependences of the symmetry energy. The mod-
els NL3ωρ, Z271ωρ and Z271σρ were taken from [47].
The others, namely, NL3σρ, TM1ωρ, and TM1σρ, are
obtained by varying either the Λω or Λσ coupling con-
stants, and by calculating the new gρ constants, so that
the symmetry energy at ρ = 0.1 fm−3 has the same value
as the reference model of the family.
Tables I and II show the nuclear matter properties at
the saturation density for the models considered: the
symmetry energy Esym, the symmetry energy slope L,
the symmetry energy curvatureKsym, andKτ = Ksym−
6L− Q0
K
L (see Ref.[67]). The tables also show the crust-
core transition density, ρt, and pressure, Pt, calculated
from the Vlasov method, as will be shown in the next
subsection, and the neutron matter pressure, PN , calcu-
lated at the nuclear saturation density. Finally, the total
binding energy per particle, the charge radii, the neutron
radii, and the neutron skin thickness, ∆rnp, for the
208Pb
nucleus are also given. We observe that the non-linear
ωρ and σρ terms do not change the binding energy of the
nuclei or the charge radius in more than 1%. Our results
agree well with the ones in Refs. [46, 47]. The neutron
radius, and therefore, also the neutron skin thickness de-
crease with decreasing L, for both families.
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FIG. 1. Neutron matter pressure, PN , as a function of the
density, for some of the models considered in this study. The
coloured bands are the results from [33] (light grey) and [34]
(dark grey).
In Fig. 1, we show the EoS of pure neutron matter for
a set of models from tables I and II, and compare them
with the result of microscopic calculations based on nu-
clear interactions derived from chiral effective field theory
(EFT) [33], or on realistic two- and three-nucleon interac-
tions, using quantum Monte Carlo (MC) techniques [34].
The band width indicates for each density the uncertain-
ties of the calculation coming from the 3N interaction.
At saturation density, this uncertainty is of the order of
5 MeV, ∼ 25− 30%.
In Fig. 2 we plot the deviation of the neutron mat-
ter pressure for each model from the microscopic results
of Hebeler et al. [33] and Gandolfi et al. [34] data,
in units of the pressure uncertainty ∆P of the micro-
scopic calculations at each density, which we designate
by σ = ∆P . The light grey bands represent the micro-
scopic calculation uncertainties, meaning that the points
inside those bands are within the data limits. The dark
grey bands correspond to twice the calculation uncertain-
ties, 2σ. Except for the head of each family and Z271ωρ8,
all other models agree well with the results of [33], and
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FIG. 2. Difference between the neutron matter pressure for
each model and the average pressure obtained from a chiral
EFT [33] (a) and Monte Carlo [34] (b) calculations, in units of
the pressure uncertainty at each density, designated by σ =
∆P . The grey bands represent the calculation uncertainty
(light) and twice this uncertainty (dark). See text for more
details.
above ρ = 0.05 fm−3 with the MC results [34].
Models TM1, NL3 and Z271 have a too stiff neutron
matter EoS. These models do not satisfy several other
constraints imposed by experiments, see [55], in partic-
ular, the symmetry energy and/or its slope is too high,
as well as the incompressibility. However, including the
ωρ or the σρ terms, makes the symmetry energy softer,
and we obtain some models that satisfy most of the con-
straints imposed in [55]. We will not consider the Kτ
constraint included in [55] because it has a large uncer-
tainty associated to it. The NL3x and Z271x models
have an incompressibility at saturation, K, just above
the upper limit used in [55, 68], K = 230± 40 MeV, and
TM1 only satisfies this constraint within 10%. However,
the incompressibility of these models is within the range
250 < K < 315 MeV predicted in [69, 70]. Therefore, we
consider that the K constraint is satisfied.
Constraints at suprasaturation densities from heavy
ion collisions were also considered in [55]. For reference,
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FIG. 3. Symmmetric matter pressure, P , as a function of the
density, for the models considered in this study. The coloured
bands are the experimental results obtained from collective
flow data in heavy-ion collisions [35] (light grey) and from
the KaoS experiment [36, 71] (dark grey).
in Fig. 3, we show the symmetric matter pressure as a
function of the density for the models considered in this
study. This plot also includes a modified Z271 model,
which has an extra effective potential that will be dis-
cussed later. We compare the different EoS with the ex-
perimental results obtained from collective flow data in
heavy-ion collisions [35] and from the KaoS experiment
[36, 71]. Only Z271 and TM1 satisfy the constraints.
Summarizing the above discussion, models TM1ωρ6,
TM1σρ6, and Z271σρ5−6 satisfy the constraints imposed
in Ref. [55], except the one in Kτ , the constraints from
neutron matter calculations and the ones from Refs. [69,
70]. Models NL3ωρ6 and NL3σρ6 only fail the flow and
KaoS experiments.
B. Crust-core transition
In Fig. 4, the dynamical spinodals for the six fam-
ilies under study are represented. They have been ob-
tained solving the dispersion relation (26) for a zero en-
ergy mode, ω = 0, and taking the wave number k = 75
MeV. We have considered this value of k because the ex-
tension of the spinodal section is close to the envelope of
all spinodal sections. For NL3 and TM1, we have consid-
ered, besides the head of the family, the two parametriza-
tions with ωρ or σρ terms that give L = 55 and 68 MeV;
for Z271, we take the models with L = 76 and 60 MeV.
All the values of L chosen are within the different con-
straints imposed in [55] for L. Some conclusions may be
drawn from the figure: a) the larger L, the smaller the
spinodal section, as discussed in previous works with dif-
ferent models [11]; b) the term ωρ makes the spinodal
section larger, except for the very large isospin asymme-
tries, both very neutron rich or very proton rich.
The crust-core transition density, ρt, is calculated from
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FIG. 4. Spinodal regions for the models considered.
the crossing between the spinodal sections and the EoS
for β-equilibrium matter. These densities are given in
Tables I and II for all models under study, and are rep-
resented as a function of L in Fig. 5, top panel. The
crossing between the ωρ and σρ spinodals, for a given
L, occurs close to the crossing of the β-equilibrium EoS
with the spinodals and, therefore, the transition densi-
ties do not differ much, whether taking the ωρ or the σρ
term. A difference, however, is seen when the transition
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FIG. 5. Crust-core transition (a) densities, ρt, and (b) pres-
sure, Pt, as a function of the slope of the symmetry energy,
L.
pressures, Pt, are compared, see Fig. 5, bottom panel:
while for the ωρ terms, the transition pressure decreases
monotonically with L, the exception being the lowest L
values for the TM1 and NL3 families, the σρ terms gives
rise to an increase of Pt with L, until L = 70− 80 MeV,
and only above this value, the pressure decreases with an
increase of L.
For values of L below 80 MeV, Pt is generally larger
in the models with the ωρ term, and this difference may
be as large as 25% for the smaller L shown. This differ-
ence has direct implications in the moment of inertia of
the crust, which is proportional to Pt, Icrust ∼
16pi
3
R6tPt
Rs
in lowest order [51, 54, 72], where Rt is the crust thick-
ness, and Rs is the Schwarzschild radius. Besides the
transition pressure, the moment of inertia of the crust
also depends on the crust thickness. In the following, we
will also see that the σρ terms give rise to smaller crust
thicknesses. This implies that smaller crust moments of
inertia are expected, if the σρ term is used to modify the
symmetry energy.
In Fig. 6, we compare our results for the crust-
core transition density with the ones obtained in Ref.
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FIG. 6. Crust-core transition densities, ρt, as a function of
the slope of the symmetry energy, L, where we compare with
the results obtained in Ref. [47].
[47], calculated within a relativistic random-phase-
approximation [73], for the Z271σρ and ωρ models, and
for the NL3ωρ family. For the Z271* models, we obtain
slightly larger values for ρt, and this difference increases
with increasing L, but even for the largest value of L, the
difference is below 5%. For the NL3ωρ models, the be-
haviour is slightly different: for L < 70 MeV, our results
are below the ones of Ref. [47], and for L > 70 MeV, we
get larger values, though the overall difference between
them is below 5%.
C. Mass-radius curves for the NL3 families
We calculate the mass-radius curves for the EoS under
study, by integrating the Tolmann-Oppenheimer-Volkof
equations [31, 32], for relativistic spherical stars in hy-
drostatic equilibrium. In Fig. 7, the curves for the NL3
family are shown. In order to construct the EoS of stel-
lar matter, we take, besides the EoS of the core, the BPS
EoS for the outer crust, and several models for the in-
ner crust: a) for models NL3ωρ and σρ, we calculate the
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FIG. 7. M(R) relations for the NL3 models: (a) BPS EoS [17]
for the outer crust and the homogeneous matter EoS for the
inner crust and core, bps+hm, (pink lines); the BPS+BBP
[74] for the outer crust, and the homogeneous matter EoS for
the inner crust and core, bps+bbp+hm, (green lines); and the
BPS for the outer crust, the pasta configurations calculated
from TF for the inner crust and the homogeneous matter EoS
for the core, bps+pasta+hm (black lines); (b) BPS EoS for
the outer crust, the pasta calculated from TF for the respec-
tive models (black lines), or for the FSU model (pink lines),
for the inner crust, and the homogeneous matter EoS for the
core. The horizontal bands indicate the mass uncertainties
associated to the PSR J0348+0432 [39] and PSR J1614-2230
[40] masses.
inner crust, within a Thomas-Fermi calculation [75, 76].
These inner crust EoS will also be considered when build-
ing the complete stellar matter EoS, within other models
with similar properties; b) as an alternative that tests the
use of a non-unified EoS, we consider the FSU inner crust
EoS [76], between the neutron drip density and the crust-
core transition density, calculated within the dynamical
spinodal method, for models with a similar slope L; c)
we match directly the core EoS to the outer crust BPS
EoS; d) the BPS plus Bethe-Baym-Pethick (BBP) EoS
for densities below 0.01 fm−3 is matched directly to the
core EoS, as suggested in [74]. Finally, we will estimate
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FIG. 8. Inner crust EoSs considered in the present study.
the error we introduce in quantities, such as the radius
and mass, if the unified inner crust EoS is not used.
In Fig. 8 and in the Appendix, we show the inner
crust EoSs that we are using in this paper. Both the
FSU, the NL3, and the NL3ωρ6 inner crusts are given
in [76]. In the top panel of Fig. 7, we compare the
mass-radius curves for the stellar EoS obtained using the
scenarios a) BPS plus an unified inner crust and core EoS
(bps+pasta+hm), b) the inner crust EoS is replaced by
the homogeneous matter EoS (bps+hm) and c) the BBP
EoS is used for the low density inner crust EoS, and a
transition to homogeneous matter occurs at ∼ 0.01 fm−3,
below the crust-core transition (bps+bbp+hm). Totally
neglecting the inner crust EoS (dashed curves) is a quite
rough approximation for all EoS, except for NL3. Al-
though the effect on the maximum mass is negligible,
the same is not true for the radius. The families of stars
with an unified inner crust-core EoS (solid lines) have
larger (smaller) radii than the configurations without in-
ner crust (dashed lines) for the NL3ωρ (NL3σρ) models,
see Tables III and IV. Including the BBP EoS between
the neutron drip and ρ = 0.01 fm−3 (dotted lines) will
generally reduce the differences with respect to the uni-
fied EoS, although the improvement depends a lot on the
model.
Fig. 7 allows a comparison between mass-radius curves
obtained with EoS whose density dependence of the sym-
metry energy is modified by means of a mixing ωρ or σρ
term in the Lagrangian density. Within models with the
same L, the σρ models give slightly larger radii, the dif-
ferences being larger for M & 1.4M⊙. For a 1.4M⊙ star,
we have obtained a difference of ∼ 100 m. These differ-
ences reflect themselves in the crust thickness, see Tables
III and IV. The most critical approximation, giving rise
to the largest error, occurs when the inner crust is com-
pletely neglected.
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crust EoS, the FSU inner crust (thin lines), the NL3ωρ or the
σρ (thick lines) pasta phase EoS, and the core homogeneous
matter EoS.
D. Stellar matter EoS
Most of the times, the inner crust EoS calculated
within the same model is not available. In the previous
section, we have tested the implications of not including
the inner crust EoS, or only part of it. We now discuss
the possible use of a inner crust EoS obtained for a dif-
ferent model. In the bottom panel of Fig. 7, we plot the
mass-radius curves of stars obtained, considering for the
inner crust the unified pasta calculation as before, and
the inner crust EoS calculated for FSU, a model with the
symmetry energy slope L = 60 MeV, not far from the
slope L of NL3ωρ4, 6 and NL3σρ4, 6. Except for NL3σρ6,
where we obtain a difference of ∼ 50 m (∼ 40 m) for a
1M⊙ ( 1.4M⊙) star, and for NL3ωρ6, where we obtain
∼ 20 m for a 1M⊙ star, the error on the determination of
the radius is negligible for all masses. This can be better
seen in Tables III and IV.
The above discussion indicates that the determination
of the radii of stars requires that some care is taken when
matching the crust EoS to the core EoS. Non-unified EoS
may give rise to large uncertainties. It is possible, how-
ever, to build an adequate non-unified EoS, if the inner
crust EoS is properly chosen. We have shown that taking
the inner crust EoS of a model with similar symmetry en-
ergy properties, as the ones of the EoS used for the core,
allowed the determination of the radii of the family of
stars with masses above 1M⊙ with an uncertainty below
50 m. The inclusion of the inner crust EoS has definitely
a strong effect on the radius of low and intermediate mass
neutron stars.
For the TM1 and Z271 families, we do not have an
unified EoS for the inner crust. In order to test the
above conclusion, we have built the stellar EoS taking
for the inner crust, between the neutron drip density and
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tial.
the crust-core transition density, and calculated within
the dynamical spinodal method, a) the FSU EoS (thin
lines) and b) the EoS obtained for the NL3ωρ (dashed
lines) and NL3σρ (solid lines) models, choosing the EoS
that has the properties closer to the ones of each one of
the models of the TM1 or Z271 familes (thick lines), see
Fig. 9. Table V gives the correspondent maximum mass
properties. In some cases, the curves (almost) coincide:
this occurs for all models with L > 60 MeV. Considering
the two inner crust EoS, small differences occur for mod-
els with L < 60 MeV, but the differences for the 1M⊙
(1.4M⊙) are never larger than 50 (30) m. This procedure
to choose the inner crust EoS seems to be a quite robust
alternative to the unified inner crust EoS.
Although the SNM and PNM properties of some of the
Z271 models are in good agreement with experimental
results or microscopic calculations, they predict a too
small maximum mass star. This problem can be solved
by introducing an extra effective potential, dependent on
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TABLE III. The radius and crust thickness of a 1.4 M⊙ star, computed with an inner crust calculated within NL3σρ/NL3ωρ
and FSU, or using the BBP EoS, or without an inner crust (no ic) are shown. In all cases, we consider the BPS EoS for the
outer crust.
Model L (MeV) R1.4M⊙ ∆Rcrust (NL3) R1.4M⊙ ∆Rcrust (FSU) R1.4M⊙ ∆Rcrust (BBP) R1.4M⊙ ∆Rcrust (no ic)
NL3 118 14.630 1.325 - - 14.847 1.508 14.594 1.249
ωρ4 68 13.928 1.450 13.928 1.377 13.916 1.453 13.879 1.416
ωρ6 55 13.753 1.425 13.745 1.432 13.749 1.432 13.671 1.355
σρ4 68 13.982 1.441 13.983 1.388 13.977 1.445 14.313 1.781
σρ6 55 13.846 1.400 13.806 1.408 13.785 1.334 14.117 1.666
TABLE IV. The radius and crust thickness of a 1.0 M⊙ star, computed with an inner crust calculated within NL3σρ/NL3ωρ
and FSU, or using the BBP EoS, or without an inner crust (no ic), are shown. In all cases, we consider the BPS EoS for the
outer crust.
Model L (MeV) R1M⊙ ∆Rcrust (NL3) R1M⊙ ∆Rcrust (FSU) R1M⊙ ∆Rcrust (BBP) R1M⊙ ∆Rcrust (no ic)
NL3 118 14.547 1.956 - - 14.870 2.230 14.489 1.850
ωρ4 68 13.681 2.077 13.686 1.979 13.665 2.079 13.621 2.035
ωρ6 55 13.423 2.020 13.402 2.020 13.410 2.025 13.300 1.913
σρ4 68 13.713 2.057 13.720 1.99 13.710 2.067 14.223 2.581
σρ6 55 13.511 1.987 13.457 1.993 13.423 1.885 13.924 2.386
the σ meson, that hinders the effective nucleon mass to
stop decreasing at a density above the saturation density,
as suggested in [50]. In Figure 10, we show, in the top
panel, the nucleon effective mass as a function of the
density for the Z271 model, with and without the σ cut
potential, ∆Uf , eq. 10 in Ref. [50], written as
∆Uf = α ln(1 + exp [β(gsφ− f)]),
f = f0 + cσ(1 − f0). (29)
We have used the parameters β = 1000 and cσ = 0.05
to be able to get maximum masses of, at least, 2 M⊙, as
shown in the bottom panel (see also Ref. [77], where they
choose different parameters). f0 and α have the same val-
ues as in Ref.[50], 0.2 and 4.822×10−4 m4N , respectively.
The stellar matter EoS were built using the BPS outer
crust EoS, the most adequate NL3ωρ or NL3σρ inner
crust EoS, and the homogeneous matter core EoS. The
potential given in Eq. (29) does not allow constructing a
EoS that simultaneously satisfies the 2M⊙ and the KaoS
constrains, see Fig. 3.
We show in Figure 11 the mass-radius relation for the
models that passed almost all constraints we considered:
the ones from Ref. [55], the ones from Refs. [69, 70],
the microscopic neutron matter calculations [33, 34], and
the 2M⊙ observational constraint [39, 40]. We note that
the Z271σρ5 − 6 models fail this last constraint, how-
ever using the procedure of Ref. [50], we are able to get
parametrizations Z271σρ5∗−6∗ that describe 2M⊙ stars.
Models NL3ωρ6, NL3σρ6 and Z271σρ5∗−6∗ fail the flow
and KaoS experiments. In Table VI, we show the prop-
erties of the 1.4M⊙ stars obtained with those models,
together with the transition density and pressure. The
following conclusions can be drawn: a) all models predict
a similar transition density and have a similar symmetry
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FIG. 11. Mass-radius relation of the models that passed
almost all the constraints we considered. The black dots rep-
resent the maximum mass star.
energy slope; b) the σρ models predict a lower transition
pressure, Pt ∼ 0.36 ± 0.04 MeVfm
−3, while for the ωρ
models the value is Pt ∼ 0.5MeVfm
−3; c) the radius and
crust thickness of the 1.4M⊙ stars within the models that
predict 2M⊙ stars are in the interval 13.3 . R1.4 . 13.9
km and 1.3 . ∆R . 1.4km, respectively.
IV. CONCLUSIONS
In the present work we have generalized the Vlasov
formalism developed in previous works [8–11] with the
ω, ρ, σ-meson terms, by including mixed terms, up to
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TABLE V. Maximum mass properties. For the TM1* and Z271* models, we used for the inner crust FSU, and NL3ωρ and
σρ. For TM1 and Z271, we used TM1. The radii, R, are given in km.
Model L (MeV) Mg (M⊙) Mb (M⊙) R (BPS) R (FSU) R (NL3) ǫ0 (fm
−4) ρc (fm
−3)
NL3 118 2.779 3.384 13.289 - 13.300 4.409 0.669
ωρ4 68 2.753 3.376 13.017 13.031 13.022 4.520 0.689
ωρ6 55 2.758 3.391 12.994 13.005 13.014 4.496 0.687
σρ4 68 2.771 3.400 13.190 13.116 13.114 4.450 0.679
σρ6 55 2.773 3.409 13.141 13.070 13.079 4.469 0.682
TM1 111 2.183 2.544 12.494 12.386 - 5.345 0.851
ωρ4 68 2.125 2.488 12.140 11.950 11.955 5.653 0.904
ωρ6 56 2.127 2.496 11.973 11.892 11.893 5.663 0.907
σρ4 68 2.150 2.521 12.105 12.034 12.038 5.565 0.889
σρ6 56 2.148 2.523 12.019 11.977 11.992 5.578 0.893
Z271 99 1.722 1.944 11.554 11.425 - 6.470 1.066
ωρ7 65 1.599 1.807 10.544 10.466 10.466 7.804 1.277
ωρ8 60 1.599 1.809 10.435 10.406 10.417 7.850 1.285
σρ5 53 1.637 1.857 10.733 10.611 10.621 7.422 1.220
σρ6 48 1.635 1.857 10.653 10.553 10.571 7.463 1.228
TABLE VI. Some properties of the 1.4M⊙ stars of the models that passed almost all the constraints, computed with an inner
crust, using NL3σρ or NL3ωρ. The transition pressure, Pt, and density, ρt, to uniform matter are also shown.
Model L (MeV) R1.4M⊙ (km) ∆Rcrust (km) Pt (MeV/fm
3) ρt (fm
−3)
NL3ωρ6 55 13.753 1.425 0.516 0.084
NL3σρ6 55 13.846 1.400 0.382 0.081
TM1ωρ6 56 13.317 1.323 0.497 0.082
TM1σρ6 56 13.428 1.302 0.379 0.080
Z271σρ5 53 12.110 1.035 0.398 0.083
Z271σρ5∗ 53 13.914 1.419 0.398 0.083
Z271σρ6 48 12.001 0.995 0.323 0.085
Z271σρ6∗ 48 13.833 1.389 0.323 0.085
fourth order. The dispersion relation obtained allows the
study of the isoscalar collective modes of nuclear matter,
and the instability modes that drive the system at sub-
saturation densities to a non-homogeneous phase. The
dynamical spinodal surface is determined as the locus of
the zero frequency isoscalar mode. The knowledge of the
dynamical spinodal and the β-equilibrium EoS is used
to make a good estimation of the crust-core transition
density of a neutron star.
We have applied the formalism developed to study sev-
eral families of stars that differ by a mixed ωρ or σρ
term which was introduced to modify the density depen-
dence of the symmetry energy. We have analysed the
dependence of the crust-core transition density, ρt, and
pressure, Pt, with the slope L of the model. We have
confirmed previous results, in particular, an almost lin-
ear anti-correlation between ρt and L, for both mixed ωρ
or σρ terms. However, in a recent publication [56], it has
been shown that a non-linear σρ term of the form σρ2, in-
stead of σ2ρ2, as we have considered in the present work,
did not show this linear behavior with L. The behavior
of Pt is non-monotonic, as discussed in [57, 58], taking
the σρ family. However, if we consider only the ωρ fam-
ilies, an anti-correlation of Pt with L is obtained. The
largest transition pressures, largest crust thicknesses and
smallest radii are obtained within the ωρ families, see
also [56]. For the σρ families, Pt increases (decreases)
with L, for L < 70 (L > 70) MeV.
It was shown how the knowledge of the crust-core tran-
sition density enables the construction of the stellar EoS
and the determination of the mass-radius curve for the
family of stars, within a given model with a small radius
uncertainty. For the outer crust, that extends up to the
neutron drip density, the BPS EoS is considered. Be-
tween the neutron drip density and the crust-core tran-
sition density, the inner crust EoS should be taken. We
have determined the inner crust EoS within a TF calcu-
lation for the ωρ and σρ NL3 family. It was shown that
the error introduced in the calculation of the radius of a
star with a mass above 1M⊙ is small, if the inner crust
of a model with similar isovector saturation properties is
used to describe the inner crust.
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Since the Z21 family gives rise to a too soft EoS, a σ
dependent term was included in the Lagrangian density,
as suggested in [50]. This extra term does not change the
model properties at saturation density and below, but
hardens the EoS above saturation density, allowing the
description of 2M⊙, but, at the same time, not satisfying
the KaoS restrictions.
We propose a set of stellar matter EoS that satisfy well
accepted saturation properties as well as constraints com-
ing from microscopic neutron matter calculations, and
from experimental results. All models predict a simi-
lar transition density of the order of 0.08 fm−3. How-
ever, there are differences in the transition pressure. The
σρ models predict a lower transition pressure than the
ωρ models. For the 1.4M⊙ stars, these models pre-
dict, respectively, a radius of 13.6 ± 0.3 km and a crust
thickness of 1.36 ± 0.06km. These values for R1.4 are
above the prediction of [78] but within the prediction
of [16]. These crust thicknesses are ∼ 25% smaller
than the one obtained in [54] for the NL3max, which
is close to our parametrization NL3ωρ5. We have con-
sidered the NL3max parametrization and we have ob-
tained, using our formalism, Pt = 0.530 MeV/fm
3 and
ρt = 0.081 fm
−3, just slightly below the correspond-
ing quantities in [54], respectively, 0.550 MeV/fm3 and
0.0826 fm−3. However, for the crust thickness, we have
obtained ∆R(M = 1.4M⊙) = 1.454 km, that should be
compared with ∆R(M = 1.4M⊙) = 1.990 km in [54].
The possible origin of this large difference is the EoS used
in [54] for the inner crust EoS, a politropic that matches
the BPS EoS at the neutron drip density and the ho-
mogeneous EoS at the crust-core transition. As we have
shown in the present work, a non adequate choice of the
inner crust may introduce large uncertainties in the ra-
dius of low mass stars, see also discussion in [16].
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TABLE VII: Equation of state of the inner crust with pasta for the NL3ωρ4, NL3σρ4, and NL3σρ6 models. The energy
density, ε, and pressure, P , are in units of fm−4. The pasta inner crust EoS for FSU and NL3ωρ6 are given in [76].
NL3ωρ4 NL3σρ4 NL3σρ6
ρ (fm−3) ε P ε P ε P
0.0020 0.009529489093 0.9527332622×10−5 0.009524920955 0.9071237400×10−5 0.009525820613 0.9831396710×10−5
0.0030 0.014300051145 0.1449370848×10−4 0.014293017797 0.1424032234×10−4 0.014294951223 0.1601402801×10−4
0.0040 0.019072361290 0.1981482455×10−4 0.019062936306 0.1981482455×10−4 0.019066335633 0.2321020474×10−4
0.0050 0.023846043274 0.2533865154×10−4 0.023834312335 0.2579474858×10−4 0.023839607835 0.3106518852×10−4
0.0060 0.028620865196 0.3111586557×10−4 0.028606912121 0.3197737897×10−4 0.028614535928 0.3962964911×10−4
0.0070 0.033396668732 0.3709578596×10−4 0.033380579203 0.3856542753×10−4 0.033390954137 0.4885291855×10−4
0.0080 0.038173336536 0.4322774112×10−4 0.038155212998 0.4540686496×10−4 0.038168746978 0.5878567026×10−4
0.0090 0.042950786650 0.4971443195×10−4 0.042930707335 0.5255236465×10−4 0.042947817594 0.6937723083×10−4
0.0100 0.047728978097 0.5640384188×10−4 0.047707032412 0.6015395775×10−4 0.047728102654 0.8062758570×10−4
0.0110 0.052507854998 0.6349865725×10−4 0.052484132349 0.6811029743×10−4 0.052509546280 0.9253675671×10−4
0.0120 0.057287395000 0.7104958058×10−4 0.057261981070 0.7652273052×10−4 0.057292107493 0.1050540523×10−3
0.0130 0.062067583203 0.7895524323×10−4 0.062040548772 0.8549261111×10−4 0.062075737864 0.1183315035×10−3
0.0140 0.066848404706 0.8746902313×10−4 0.066819831729 0.9501994646×10−4 0.066860415041 0.1322170865×10−3
0.0150 0.071629844606 0.9648958076×10−4 0.071599796414 0.1050540523×10−3 0.071646101773 0.1467614784×10−3
0.0160 0.076411917806 0.1062196243×10−3 0.076380468905 0.1157976367×10−3 0.076432794333 0.1619646646×10−3
0.0170 0.081194624305 0.1166591464×10−3 0.081161834300 0.1272507070×10−3 0.081220448017 0.1778773440×10−3
0.0180 0.085977941751 0.1277574775×10−3 0.085943877697 0.1392612321×10−3 0.086009055376 0.1943474635×10−3
0.0190 0.090761914849 0.1397173182×10−3 0.090726628900 0.1521839440×10−3 0.090798601508 0.2114763920×10−3
0.0200 0.095546536148 0.1524880063×10−3 0.095510080457 0.1659174886×10−3 0.095589056611 0.2292641148×10−3
0.0210 0.100331813097 0.1660695270×10−3 0.100294232368 0.1803605264×10−3 0.100380428135 0.2476093068×10−3
0.0220 0.105117775500 0.1806645887×10−3 0.105079092085 0.1957157365×10−3 0.105172678828 0.2665626234×10−3
0.0230 0.109904408455 0.1962225215×10−3 0.109864674509 0.2119831624×10−3 0.109965816140 0.2860733657×10−3
0.0240 0.114691741765 0.2126419713×10−3 0.114650979638 0.2290107223×10−3 0.114759802818 0.3061415919×10−3
0.0250 0.119479775429 0.2302269859×10−3 0.119438014925 0.2471531916×10−3 0.119554653764 0.3267672437×10−3
0.0260 0.124268546700 0.2487241873×10−3 0.124225787818 0.2661572071×10−3 0.124350324273 0.3478490107×10−3
0.0270 0.129058048129 0.2684376668×10−3 0.129014313221 0.2860226959×10−3 0.129146814346 0.3694882325×10−3
0.0280 0.133848294616 0.2892660559×10−3 0.133803606033 0.3070030943×10−3 0.133944109082 0.3915328707×10−3
0.0290 0.138639286160 0.3110066173×10−3 0.138593643904 0.3289463930×10−3 0.138742208481 0.4140842648×10−3
0.0300 0.143431067467 0.3341154661×10−3 0.143384456635 0.3517511941×10−3 0.143541097641 0.4371930845×10−3
0.0310 0.148223638535 0.3583898942×10−3 0.148176059127 0.3757722152×10−3 0.148340746760 0.4605046706×10−3
0.0320 0.153017029166 0.3838805715×10−3 0.152968466282 0.4008067772×10−3 0.153141170740 0.4840695765×10−3
0.0330 0.157811194658 0.4102834500×10−3 0.157761648297 0.4266015312×10−3 0.157942339778 0.5083946744×10−3
0.0340 0.162606209517 0.4381559847×10−3 0.162555649877 0.4537139030×10−3 0.162744253874 0.5328211701×10−3
0.0350 0.167402043939 0.4672447394×10−3 0.167350441217 0.4818398156×10−3 0.167546868324 0.5576530239×10−3
0.0360 0.172198727727 0.4972963943×10−3 0.172146052122 0.5110806087×10−3 0.172350198030 0.5827890127×10−3
0.0370 0.176996275783 0.5288176471×10−3 0.176942497492 0.5410308950×10−3 0.177154257894 0.6081783213×10−3
0.0380 0.181794673204 0.5616059061×10−3 0.181739777327 0.5723494687×10−3 0.181958958507 0.6339224055×10−3
0.0390 0.186593979597 0.5956103560×10−3 0.186537876725 0.6046815543×10−3 0.186764389277 0.6598691689×10−3
0.0400 0.191394165158 0.6305776769×10−3 0.191336825490 0.6381286075×10−3 0.191570460796 0.6861706497×10−3
0.0410 0.196195229888 0.6671160227×10−3 0.196136608720 0.6722850958×10−3 0.196377217770 0.7126749260×10−3
0.0420 0.200997203588 0.7048706175×10−3 0.200937271118 0.7078098715×10−3 0.201184600592 0.7393818232×10−3
0.0430 0.205800086260 0.7435374428×10−3 0.205738782883 0.7443482173×10−3 0.205992653966 0.7663421566×10−3
0.0440 0.210603877902 0.7838258753×10−3 0.210541129112 0.7819508319×10−3 0.210801303387 0.7935052272×10−3
0.0450 0.215408638120 0.8252799162×10−3 0.215344354510 0.8203641628×10−3 0.215610593557 0.8209216176×10−3
0.0460 0.220214262605 0.8680008468×10−3 0.220148459077 0.8600444999×10−3 0.220420479774 0.8487434825×10−3
0.0470 0.225020855665 0.9116340661×10−3 0.224953413010 0.9007891058×10−3 0.225230976939 0.8765652892×10−3
0.0480 0.229828447104 0.9568381938×10−3 0.229759275913 0.9425471653×10−3 0.230042085052 0.9045898332×10−3
0.0490 0.234636932611 0.1003258629×10−2 0.234565988183 0.9850654751×10−3 0.234853759408 0.9328678134×10−3
0.0500 0.239446416497 0.1050844556×10−2 0.239373609424 0.1028901315×10−2 0.239666014910 0.9612977155×10−3
0.0510 0.244256809354 0.1099342713×10−2 0.244182094932 0.1073801308×10−2 0.244478836656 0.9899811121×10−3
0.0520 0.249068230391 0.1149259857×10−2 0.248991489410 0.1119664288×10−2 0.249292254448 0.1018968527×10−2
0.0530 0.253880590200 0.1200494706×10−2 0.253801763058 0.1166490139×10−2 0.254106193781 0.1048057340×10−2
0.0540 0.258693933487 0.1252894988×10−2 0.258612930775 0.1214076183×10−2 0.258920729160 0.1077298075×10−2
0.0550 0.263508260250 0.1306410180×10−2 0.263424992561 0.1263131737×10−2 0.263735800982 0.1106893644×10−2
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0.0560 0.268323540688 0.1361090923×10−2 0.268237978220 0.1312998240×10−2 0.268551379442 0.1136742532×10−2
0.0570 0.273139834404 0.1416582614×10−2 0.273051828146 0.1363878255×10−2 0.273367494345 0.1166743576×10−2
0.0580 0.277957081795 0.1473594690×10−2 0.277866572142 0.1415771898×10−2 0.278184115887 0.1193450415×10−2
0.0590 0.282775372267 0.1531822840×10−2 0.282682240009 0.1468628179×10−2 0.283001244068 0.1224211650×10−2
0.0600 0.287594646215 0.1590811298×10−2 0.287498801947 0.1522396924×10−2 0.287818878889 0.1255124691×10−2
0.0610 0.292414903641 0.1651167870×10−2 0.292316287756 0.1577280345×10−2 0.292637050152 0.1286341925×10−2
0.0620 0.297236144543 0.1712639467×10−2 0.297134667635 0.1632873435×10−2 0.297455728054 0.1317913993×10−2
0.0630 0.302058428526 0.1775073935×10−2 0.301954001188 0.1689581317×10−2 0.302274912596 0.1349739265×10−2
0.0640 0.306881725788 0.1838724711×10−2 0.306774199009 0.1747201430×10−2 0.307094633579 0.1381919370×10−2
0.0650 0.311706036329 0.1902932650×10−2 0.311595320702 0.1802540966×10−2 0.311914891005 0.1414707513×10−2
0.0660 0.316531240940 0.1965164440×10−2 0.316417217255 0.1862238860×10−2 0.316735535860 0.1447597286×10−2
0.0670 0.321357458830 0.2031500917×10−2 0.321240127087 0.1922595431×10−2 0.321556776762 0.1480993466×10−2
0.0680 0.326184719801 0.2099307254×10−2 0.326063960791 0.1983914990×10−2 0.326378494501 0.1514491159×10−2
0.0690 0.331013083458 0.2167164115×10−2 0.330888777971 0.2045741305×10−2 0.331200808287 0.1548850443×10−2
0.0700 0.335842400789 0.2236136002×10−2 0.335714370012 0.2098242985×10−2 0.336023390293 0.1571097760×10−2
0.0710 0.340671092272 0.2294718986×10−2 0.340540796518 0.2163312631×10−2 0.340846419334 0.1606267877×10−2
0.0720 0.345502316952 0.2361764899×10−2 0.345368176699 0.2228483791×10−2 0.345669955015 0.1643870375×10−2
0.0730 0.350494056940 0.1680915593×10−2
0.0740 0.355318605900 0.1718517975×10−2
0.0750 0.360143750906 0.1756627345×10−2
0.0760 0.364969402552 0.1795750228×10−2
0.0770 0.369795531034 0.1834822469×10−2
0.0780 0.374622225761 0.1874604146×10−2
0.0790 0.379449486732 0.1914335182×10−2
0.0800 0.384277373552 0.1953660743×10−2
